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Magnetic Field of Rectangular Current Loop 
with Sides Parallel and Perpendicular to 

the Surface of High-permeability Material 

Anamarija Juhas1, Neda Pekarić-Nađ1, Hannes Toepfer2 

Abstract: In this paper, method of current images is used to calculate magnetic 
field of a rectangular loop in presence of high-permeability material. We provide 
closed form description for the images of the current loop placed between two 
semi-infinite blocks of high-permeability material, in the cases when the plane of 
the loop is parallel or perpendicular to the surfaces of blocks. A case study of 
using the method of images to calculate magnetic field of rectangular loop inside 
cube made of high-permeability material is also provided. 

Keywords: Method of images, Magnetic field, Magnetostatics. 

1 Introduction 

Method of images was first introduced in nineteenth century by Lord 
Kelvin in the course of solving electrostatic problems [1]. Lord Kelvin was 
followed by Maxwell, who enlarged the application of the method to a list of 
problems concerning combinations of equipotential spheres and planes in 
presence of electric charges [2, 3]. The application of the method of images is 
later extended to numerous problems in magnetostatics (see e.g. [3]).  

Using the method of current images, Roshen investigated effects of semi-
infinite magnetic substrate on planar inductors [4] and effects of magnetic 
substrate of finite thickness on planar inductors [5]. He also studied planar 
inductors sandwiched between two semi-infinite magnetic substrates [6]. 

For bio-magnetic experiments in in vitro studies, concerning effects of 
extremely low frequency magnetic field on biological material, a high-precision 
exposure system is needed (see e.g. [7, 8]). The exposure systems are usually 
based on systems of coaxial coils placed in a box of high-conductivity and/or 
high-permeability material (see e.g. [7]). The box represents either commercial 
incubator or high-permeability enclosure for shielding background magnetic 
field. The system of the coils should be designed to generate linearly polarized 
magnetic field of high uniformity in specified volume. In order to calculate 
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magnetic field inside the coils the effects of the box must be included. In [7] the 
effects of  – metal enclosure on magnetic field are modelled using 26 closest 
images.  

Although the method of current images has a long history, it is still 
developing for the problems that include AC currents and boundaries of 
complex shapes [9]. 

In Section 2 we provide brief overview of the current images for a 
rectangular loop with sides parallel and/or perpendicular to the surface of a 
semi-infinite block of high-permeability material. The current images of the 
rectangular loop sandwiched between two semi-infinite high-permeability 
blocks, in the cases when i) the plane of the loop is parallel to the surfaces of 
blocks and ii) the plane of the loop is perpendicular to the surfaces of blocks are 
also considered, along with discussion of the number of images which is 
sufficient to approximate magnetic field in the air between blocks. A case study 
of the current loop in cube made of high-permeability material is provided in 
Section 3. 

2 Current Images of Rectangular Loop 

In this section we provide brief overview of the current images for the 
rectangular loop, in the cases when the plane of the loop is parallel or 
perpendicular to the surface of semi-infinite block of high-permeability material 
(Subsection 2.1). The current images of the rectangular loop sandwiched 
between two semi-infinite high-permeability blocks, in the cases when the plane 
of the loop is parallel (Subsection 2.2) or perpendicular (Subsection 2.3) to the 
surfaces of blocks are also provided. We also discuss the number of the current 
images which is sufficient to approximate magnetic field in the air (between two 
blocks). 

Without loss of generality we can assume that sides of the rectangular loop 
are parallel to x   and y  axis and the center of the loop is at the origin, as 
shown in Fig. 1. 

 

Fig. 1 – Rectangular current loop. 
 

In this paper only images that describe the effects of high-permeability 
material on magnetic field in the air are considered. In what follows, we assume 
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that the high-permeability material has constant permeability 0 ,r     where 

r  is relative permeability and 7
0 4π 10 H m.    

2.1 Plane of the loop parallel or perpendicular to the  
surface of high-permeability material 

Let us first assume that a semi-infinite block of high-permeability material 
occupies the region ,mz z  where 0mz   (the surface of the material is in the 

plane mz z ).  

The application of the method of current images allows calculation of 
magnetic flux density vector in the air as there is homogeneous medium of 
permeability 0.  According to the method of images, magnetic flux density 

vector in the air (for mz z ) can be calculated by introducing the image of the 
considered loop (see e.g. [4, 9]). Let us denote parameter 

 
1

.
1

r

r

 
 

 
 (1) 

The image of the loop is placed in the plane 2 mz z  and the current in the 

image loop is equal to I  in respect to the reference direction of the current in 
the original loop (see Fig. 2). In what follows we will assume that the reference 
directions of the current in the original loop and all image loops are the same. 

 

Fig. 2 – Rectangular loop and its image in the plane 2 .mz z  

 

Now let us assume that the semi-infinite block of high-permeability 
material occupies the region ,mx x  where mx a   (the surface of material is 

in the plane mx x ). The magnetic flux density vector in the air (for mx x ) can 
be obtained by removing the block and introducing the image of the considered 
loop. In this case, the center of the image loop is at point with coordinates 
(2 ,0,0)mx  and the current in the image loop is equal to ,I  as illustrated in 
Fig. 3. 
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Fig. 3 – Rectangular loop and its image with center at (2 ,0,0).mx  

 

2.2 Plane of the loop parallel to the surfaces of  
two blocks of high-permeability material 

In this subsection we consider a rectangular loop sandwiched between two 
semi-infinite blocks of high-permeability material, where one block occupies 
the region bottom 0z z   and the other the region top 0.z z   The loop is in the 

plane 0z   and hence it is parallel to the surfaces of both blocks. Cross-section 
of the considered system is presented in Fig. 4. 

 

Fig. 4 – Rectangular loop sandwiched between two blocks 
bottom 0z z   and top 0.z z   

 

As in previous subsection, the method of current images can be used to 
model the influence of both high-permeability blocks on magnetic field (see e.g. 
[6]). The images form an infinite series and we say that the images are of 
( 1)stk   order when they are “images” of thk  order images in respect to the 

planes bottomz z  and top .z z  It is easy to see that there are two images of the 

first order, placed in the planes 1 top2z z   and 1 bottom2 ,z z   both having current 

I  (in respect to the same reference direction as in the original loop). 

The following proposition describes the images of thk  order, 1,k   for the 
system presented in Fig. 4. 

Proposition 1. For the system presented in Fig. 4, there are two images of thk  
order, 1,k   both with current k I  and parallel to the original loop with centers 
on z  axis, placed in the planes 
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 top bottom

1
2 ,

2 2k
k kz z z              

 (2) 

and 

 bottom top

1
2 ,

2 2k
k kz z z              

  (3) 

where u    denotes largest integer not greater than .u  

Proof. Mathematical induction is used to prove Proposition 1. Both (2) and (3) 
obviously hold for 1.k   Let us assume that they also hold for some value of .k  
Then the images of ( 1)stk   order have currents ( 1)k I  and they are placed at 

the planes 1 bottom2k kz z z    and 1 top2 .k kz z z    Substituting  

(2) – (3) into 1kz   and 1kz   and taking into account that  

 
2

1 ,
2 2

k k           
 

we obtain 

 1 top bottom

2 1
2 ,

2 2k
k kz z z

               
 

 1 bottom top

2 1
2 ,

2 2k
k kz z z

               
 

which prove that (2) and (3) hold. This completes the proof. 

As an illustration, Table 1 provides z  coordinates and currents of the 
image loops up to third order. 

Table 1 
List of the image loops up to third order for the system presented in Fig. 4. 

Loop z  coordinate Current 

Original 0  I  

1st order images 
top

bootom

2

2

z
z

 I  

2nd order images 
top bootom

bootom top

2( )

2( )

z z
z z




 2I  

3rd order images 
top bootom

bootom top

2(2 )

2(2 )

z z
z z




 3I  
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Taking into account the images up to thk  order, magnetic flux density 
vector at point ( , , )P x y z  in the air ( bottom topz z z  ) can be calculated as 

 
1

( , , ) ( , , ) ( , , ) ( , , ) ,
K

k
K k k

k
x y z x y z x y z z x y z z



        B B B B
   

 (4) 

where ( , , )B x y z


 denotes magnetic flux density vector generated by the 

rectangular loop shown in Fig. 1, in homogeneous medium of permeability 0.  

Expressions for the respective components of vector ( , , )x y zB


 are provided in 
Appendix. 

If the original loop is placed in the plane lpz z  ( bottom toplpz z z  ), then 

z  coordinates of the images of thk  order can be obtained from (2) – (3) by 
replacing ,kz  ,kz  topz  and bottomz  with ( ),k lpz z   ( ),k lpz z   top( )lpz z  and 

bottom( ),lpz z  respectively. For this case, z  coordinates of the image loops up 

to third order are provided in Table 2. 

Table 2 
List of the image loops up to third order when the original  

loop is placed in the plane lpz z . 

Loop z  coordinate Current 

Original 
lpz  I  

1st order images 
top

bootom

2

2

lp

lp

z z
z z




 I  

2nd order images 
top bootom

bootom top

2( )

2( )

lp

lp

z z z
z z z

 

 
 2I  

3rd order images 
top bootom

bootom top

2(2 )

2(2 )

lp

lp

z z z
z z z

 

 
3I  

 

As it was mentioned earlier, the list of the images is infinite. In the 
following example we investigate the effect of using only finite number of the 
images. Let us consider configuration presented in Fig. 4, with the rectangular 
loop having side dimensions 2 2 20cm,a b   in the following two cases: 

(a) top 12.5cm,z   bootom 12.5cm,z     

(b) top 20cm,z   bootom 5cm.z    
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(a) 

 
(b) 

 
(c) 

Fig. 5 – Relative error (5) for (a) 5,K  top bottom 12.5cmz z    (b) 5,K   

top 20cm,z   bottom 5cm,z    (c) at the origin as a function of .K  
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In this example we assume ,r   which according to (1) implies that 1.   
Fig. 5 represents relative error defined as  

 ref

ref

| |
[%] 100 ,K

K
B Be

B


   (5) 

where KB  denotes magnetic flux density magnitude calculated with all images 

of order up to K  and refB  denotes exact value of magnetic flux density 

magnitude ( refB  is calculated for 100K  ). 

Contour-plot of Ke  for 5K   in both cases (a) and (b) are presented in 

Figs. 5a and 5b, respectively. Relative error Ke  as a function of K  calculated at 
the center of the original loop (placed at the origin) is presented in Fig. 5c. 
According to Fig. 5, for most applications, it is sufficient to use images up to 
fifth order to approximate magnetic field in the air (between blocks). 

2.3 Plane of the loop perpendicular to the surfaces of 
two blocks of high-permeability material 

In this subsection we assume that two semi-infinite high-permeability 
blocks occupy regions leftx x a    and right ,x x a   as illustrated in Fig. 6. 

 

Fig. 6 – Rectangular loop sandwiched between two blocks 
leftx x a    and right .x x a   

 

The following proposition describes the images for the configuration 
illustrated in Fig. 6. 

Proposition 2. For the system presented in Fig. 6, there are two images of 
thn  order, 1,n   with currents ( )n I  and centers at ( ,0,0)nx  and ( ,0,0),nx  

where 

 right left

1
2 ,

2 2n
n nx x x              

 (6) 

 left right

1
2 .

2 2n
n nx x x              

 (7) 
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Proof of Proposition 2 is analogous to the proof of Proposition 1, and it is 
omitted. 

Taking into account the images up to thN  order, the magnetic flux density 
vector at point ( , , )P x y z  in the air ( left rightx x x  ) can be calculated as 

 
1

( , , ) ( , , ) ( ) ( , , ) ( ), , ,
N

n
N n n

n
x y z x y z x x y z x x y z



        B B B B
   

 (8) 

where ( , , )x y zB


 denotes magnetic flux density vector generated by the 
rectangular loop shown in Fig. 1. For expressions of the components of vector 

( , , )x y zB


 see Appendix. 

As an example, we consider configuration presented in Fig. 6, with 
rectangular loop having side dimensions 2 2 20cm.a b   Let us assume 

,r   that is 1   (see (1)), and right left 12.5cm.x x    Relative error Ne  

(defined analogously as Ke  with (5)) as a function of N  is presented in Fig. 7. 
When surfaces of high-permeability blocks are perpendicular to the plane of the 
original loop, the currents in the image loops of consecutive orders have 
opposite signs and therefore their effects are partially canceled. As a 
consequence, the number of images needed to approximate magnetic field for 
the configuration in Fig. 6 is smaller than the number of images needed when 
the surfaces of blocks are parallel to the plane of the original loop (as in 
configuration presented in Fig. 4). 

 

Fig. 7 – Relative error .Ne  

 

If the center of the original loop is at the point ( ,0,0),lpx  then 

x  coordinates of thn  order images can be obtained from (6) – (7) by replacing 
,nx  ,nx  rightx  and leftx  with ( ),n lpx x   ( ),n lpx x   right( )lpx x  and left( ),lpx x  

respectively. 
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In the case when two semi-infinite high-permeability blocks occupy the 
regions backy y b    and front ,y y b   the configuration of the system is 
analogous to the previous one and the corresponding images can be easily 
determined using the same arguments as in the case when blocks occupy the 
regions leftx x a    and right .x x a   

3 Case Study: Current Loop Inside High-permeability Cube 

In this section application of the method of images to calculation of 
magnetic field of the rectangular current loop with side dimensions 2a  by 2a  
placed inside a cube made of high-permeability material is considered. Side 
dimensions of the cube are d d d   ( 2d a ). 

Let us assume that the center of the current loop and the center of the cube 
made of high-permeability material coincide. Let us further assume that the 
plane of the loop is parallel to two surfaces of the cube (placed at bottom 2z d   

and top 2z d ) and perpendicular to the remaining four surfaces ( left 2,x d   

right 2,x d  back 2y d   and front 2y d ), as illustrated in Fig. 8. 

 

(a) 

 
(b) 

Fig. 8 – Rectangular loop inside the cube (a) side view and (b) top view. 
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For the loop placed inside the cube made of high-permeability material, it is 
easy to see that there are 4 2 6   images of the first order. Since the image of 
the second order is the “image” of the first order image, it follows that there are 
8 2 4 2 18     images of the second order. Similarly by continuing this 
process, we conclude that there are 12 2 (8 4) 2 38      images of the third 

order, 16 2 (12 8 4) 2 66       images of forth order, etc. Thus, there are  

 
1

2

1

4 2 4 2 4 2,
l

i
l i l





     (9) 

images of thl  order. 

Coordinates of the centers of all 6 image loops of the first order are listed in 
Table 3. Parameter D  represents the distance between the center of the 
corresponding image loop and the origin (center of the original loop). 

Table 3 
Images of the first order for the loop inside the cube. 

Coordinates of the center 

Image no. x  y  z  D  Current 

1, 2 d  0 0 d  I  

3, 4 0 d  0 d  I  

5, 6 0 0 d  d  I  

 

List of all images of the second order consists of 18 images (numbered with 
7-24) is presented in Table 4. 

Table 4 
Images of the second order for the loop inside the cube. 

Coordinates of the center 

Image no. x  y  z  D  Current 

7, 8 2d  0 0 2d  2I  

9, 10 0 2d  0 2d  2I  

11, 12 0 0 2d  2d  2I  

13-16 d  d  0 2d  
2I  

17-20 d  0 d  2d  
2I  

21-24 0 d  d  2d  
2I  

List of all 38 images of the third order is provided in Table 5. 
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Table 5 
Images of the third order for the loop inside the cube. 

Coordinates of the center 

Image no. x  y  z  D  Current 

25, 26 3d  0 0 3d  3I  

27, 28 0 3d  0 3d  3I  

29, 30 0 0 3d  3d  3I  

31-34 2d  d  0 5d  
3I  

35-38 2d  0 d  5d  
3I  

39-42 d  2d  0 5d  
3I  

43-46 d  0 2d  5d  
3I  

47-50 0 2d  d  5d  
3I  

51-54 0 d  2d  5d  
3I  

55-62 d  d  d  3d  
3I  

 

From Tables 3 – 5 it can be seen that some images of the third order (those 
numbered with 55-62) are closer to the original loop than images 7 – 12, which 
belong to the set of images of the second order. 

In order to investigate the effects of using only finite number of images, we 
consider the following six cases 

(a) all images of the first order (Table 3), 
(b) all images up to second order (Tables 3 – 4), 
(c) all images up to third order (Tables 3 – 5), 
(d) all images up to forth order (total of 128 images), 
(e) all images up to fifth order (total of 230 images), 
(f) 122 closest images (all images at distance up to 3d ). 

For r   and 1A,I   plots of the magnetic flux density magnitude that 
correspond to the cases listed above are presented in Fig. 9. It can be seen that 
the calculated values are of oscillatory nature, due to the different algebraic sign 
of currents in the image loops (see Tables 3 – 5). The result converges, but 
images up to fifth order must be used in order to obtain a good approximation 
for magnetic field in central region of the cube.  
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(a) 

 
(b) 

 
(c) 

Fig. 9 – Magnetic field in the cube calculated with image 
 (a) of the 1st order, (b) up to 2nd order, (c) up to 3rd order. 
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(d) 

 
(e) 

 
(f) 

Fig. 10 – Magnetic field in the cube calculated with images: 
(d) up to 4th order, (e) up to 5th order and (f) up to 3d. 



Magnetic Field of Rectangular Current Loop with Sides Parallel and Perpendicular … 

715 

4 Conclusion 

In this paper, two cases of the application of the method of current images 
for calculation of magnetic field of the rectangular loop placed between two 
semi-infinite blocks of high-permeability material are considered; first when the 
plane of the loop is parallel to the surfaces of blocks and second when the plane 
of the loop is perpendicular to the surfaces of blocks. Good approximation for 
magnetic field between the blocks can be obtained by using ten images (images 
up to fifth order) in the first case and only four images in the second case 
(images up to second order). As a case study, the magnetic field of the 
rectangular loop placed inside the cube made of high-permeability material is 
also considered. 
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6 Appendix 

In this appendix, expressions for the components of the magnetic flux 
density vector of rectangular loop are provided. 

For rectangular loop presented in Fig. 1, with side dimensions 2a  by 2 ,b  
the components of the magnetic flux density vector in free space can be 
calculated by first considering magnetic vector potential at point with Cartesian 
coordinates ( , , )x y z  (see e.g. [10]). The components of magnetic vector 
potential of the considered loop with current I  at point ( , , )P x y z  can be 
expressed as: 

 

0 1 1 3 3

2 2 4 4

0 2 2 4 4

1 1 3 3

( )( )
( , , ) ln ,

4π ( )( )

( )( )
( , , ) ln ,

4π ( )( )

x

y

I c r c rA x y z
c r c r

I d r d rA x y z
d r d r

   
    

   
    

 (1) 

where 

 

1 1

2 2

3 3

4 4

, ,

, ,

, ,

, ,

c x a d y b
c x a d y b
c x a d y b
c x a d y b

   
   
   

   

 (2) 

and 
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 2 2 2 , 1, ,4.i i ir c d z i      (3) 

Starting from magnetic vector potential, magnetic flux density vector can be 
determined by using curl .B A


 The components of vector B


 read 
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4

0

1

( , , ) ( 1) ,
4 ( ) ( )

k k k
z

k k k k k k k

I c dB x y z
r r d r r c

 
      

  (6) 

where ,ic  id  and ,ir  1, ,4,i    are defined by (2) – (3). Expressions (4) – (6) 
can be also obtained starting from Bio-Savart low [11]. 

The above expressions are derived for the rectangular current loop with the 
center at the origin and sides parallel to x   and y  axis. However, starting 
from these expressions, it is easy to obtain expressions for the components of 
magnetic flux density of the loop, parallel to the original loop, with the center at 
point ( , , ).lp lp lpx y z  In such case, the components of magnetic flux density vector 
can be obtained from (2) – (6) by replacing ,x  y  and z  with ( ),lpx x  
( )lpy y  and ( ),lpz z  respectively. 
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