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End-Effector Cartesian Stiffness Shaping -
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Abstract: Control of robot end-effector (EE) Cartesian stiffness matrix (or the
whole mechanical impedance) is still a challenging open issue in physical human-
robot interaction (pHRI). This paper presents an optimization approach for
shaping the robot EE Cartesian stiffness. This research targets collaborative robots
with intrinsic compliance — serial elastic actuators (SEAs). Although robots with
SEAs have constant joint stiffness, task redundancy (null-space) for a specific task
could be used for robot reconfiguration and shaping the stiffness matrix while still
keeping the EE position unchanged. The method proposed in this paper to
investigate null-space reconfiguration's influence on Cartesian robot stiffness is
based on the Sequential Least Squares Programming (SLSQP) algorithm, which
presents an expansion of the quadratic programming algorithm for nonlinear
functions with constraints. The method is tested in simulations for 4 DOF planar
robot. Results are presented for control of the EE Cartesian stiffness initially along
one axis, and then control of stiffness along both planar axis — shaping the main
diagonal of the EE stiffness matrix.

Keywords: Cartesian Stiffness Control, Robot Redundancy, Physical Human-
Robot Interaction, Sequential Last Squares Programming.

1 Introduction

In contrast to the rigid industrial robots, the robots driven by serial elastic
actuators SEA are intended to work in human proximity [1], as service [2] or as
medical aid devices [3] and for physical Human-Robot Collaboration [4]. All
these robots somehow interact with humans; thus, safety is of the most
importance. Covering robots with soft materials was one of the first and primitive
methods for safe interaction. Lather on, safe interaction is achieved thought out
implementation of control algorithms such as impedance control [5].
Unfortunately, soft materials could not achieve satisfying safety standards for not
disrupted work in human proximity [6], while active controller could not react in
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time to absorb high amplitude impacts [7] that could lead to faster wear and tear
of mechanical parts in stiff joint robots.

These shortcomings can be overcome with the use of compliant actuators.
There are two types of compliant actuators: serial elastic actuators (SEAs) with
constant stiffness [3, 6, 8]; variable stiffness actuators (VSAs) with a variety of
realization [9, 10]. VSA presents the MIMO system; where beside position,
actuator stiffness can be adjusted as well. Safe physical human-robot interaction
(pHRI) is very important, thus there is a lot of effort invested and still investing
in developing compliant actuators [11] mechanical designs and in finding suitable
control strategies [12 — 16]. All for the purpose of enabling wider use of robots
in the industrial environment and developing home service robots.

The focus of this paper is on passive end-effector (EE) Cartesian stiffness
control of task redundant robots with SEAs. Exploiting the task redundancy
through the robot reconfiguration (null-space movement) will allow certain
control of EE stiffness [17 — 19]. The problem can occur when demanded EE
stiffness matrix is not feasible and some of the elements of the commanded
stiffness matrix are out of the physical boundaries. In this case, the robot
movement in null space will present a trade-off between stiffness matrix elements
for some selected optimization criteria. Luki¢ et al. in his work [18] presenting a
methodology for finding robot pose that will satisfy the desired EE position and
Cartesian stiffness dividing problem on two main tasks. The first task is to trace
Cartesian position reference and the second task is to optimize EE Cartesian
stiffness behavior. Because of using the gradient-based method, this optimization
task can’t guarantee the global optimum. This (sub)optimal solution can be
further combined and complement with active compliant to achieve the desired
EE stiffness matrix [19]. Finding the optimal solution (robot pose), in general, is
an optimization of nonlinear function with constraints, where constraints are
reflected in the limitation of joint positions and achieving the desired Cartesian
position. A similar problematic for VSA is presented in [17, 19], where
optimization is achieved through the adjusting joints stiffnesses. Optimal joint
stiffnesses are computed with is the Karush-Kuhn-Tucker (KKT) theorem [17,
19], also known as KKT condition, for the nonlinear function optimization with
constraints. The KKT condition is an algorithm for the optimization of nonlinear
functions with constraints that seeks solution over the entire domain where the
function is defined. In paper [20] authors present methodology and experimental
test for detecting and reacting to a collision between a robot manipulator and a
human. Margini et al. [21] propose two control schemes for impedance and direct
force control base on contact location. In all these papers some control over
Cartesian stiffness needs to be achieved. Because of that, we propose a
methodology for the optimization of Cartesian stiffness behaviour to achieve
desired Cartesian stiffness. In the end, the goal is to optimize robot pose during
movement where it is expected that robot in consecutive (discrete) intervals on
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its trajectory has a very “close” configuration that doesn’t have to be globally
optimal, but rather locally optimal. Thus, that is why an optimization algorithm
that is more gradient-based, such as quadratic programming in form for nonlinear
function: Sequential Least Squares Programming (SLSQP) algorithm is selected
[22].

Section 2 presents a mathematical model for EE Cartesian stiffness and
proposed optimization norm. SLSQP algorithm is described in Section 3, results
are presented in Section 4 while conclusions and final remarks are pointed in
Section 5.

2 Model of 4-DOF Planar Manipulator and
Cartesian Stiffness Optimization

To optimize the robot’s EE stiffness, the kinematic model of the manipulator
is needed. Fig. 1 depicts the 4-DOF planar manipulator and its referent joint
angles orientations.

Cartesian position of the robot EE, from Fig. 1, is defined with x, y
coordinates positions, and 0 orientation as follows:

x =1 sin(q,)+1,sin(q, + q,) + [;sin(q, + q, + q;) + 1, sin(q, + g, + ¢, +q,) , (1)
y=1cos(q)+1,cos(q +q,)+1cos(q, +q,+q,)+1,cos(q, +q, +q,+q,), (2)
=g+, +q5+q,, 3)

where [, [,, [;, [, represents the lengths of links and ¢,, ¢,, ¢q,, g, represents

the joint positions. The Jacobian matrix for the EE of 4-DOF planar manipulator
from Fig. 1 is defined as

o o ax Ox ]
dq, 0q, 0q; 0q,
> ¥ v

J = — ) “
dq, 0Oq, 0qy; 0Oq,
R )
L%, Oq, dq5 Oq, |
while joint’s stiffness matrix K; has a diagonal matrix form
k., 0 0 0
0 &, 0 0
K, = , )
! 0 0 %k, 0
0 0 0 &
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where £, is i-th joint stiffness.

A

y

Fig. 1 — The 4 DOF planar manipulator configuration with clockwise joint orientation.

The Cartesian stiffness matrix K. is the function of the joint stiffness matrix
and Jacobian matrix

K. =(J@K;J(@))", (6)
where K_ is a symmetric 3x3 matrix and ¢qis a 4-dimensional joint position

vector. Based on the desired Cartesian stiffness matrix K, and achieved a
Cartesian stiffness matrix K_, the performance is given as follows

H=|K,-K]|, ™)

Where H is a user-selected matrix norm (i.e. Euclidean or Frobenius norm).

The task of the optimization algorithm is to minimize norm H, which value
is being considered as the performance index. For simplicity of the problem,
optimization along one axis is initially considered, followed by the simultaneous
optimization of both elements of the Cartesian stiffness matrix main diagonal. As
the objective function (function over which minimizing is performed) weighted
Frobenius [17, 26, 27, 28] norm is used

H=JAK, -K,)+BK, -K_), ()
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where coefficients 4 and B are weight elements used to prioritise one axis
stiffness over the other. K, , K, , K, and K_ are corresponding coefficients

of the desired and achieved EE stiffness matrices that corresponds with stiffness
along x-axis and y-axis, respectively. At the end of the optimization process, the
EE position needs to be the same as the initial position. Thus, optimization
constraints regarding the EE position must be included.

3 Optimization Using Sequential Least Square Programming

Cartesian stiffness shaping can be conducted using the SLSQP algorithm
[22], which is developed for nonlinear optimization problems with constraints. In
general, the gradient descent method can be used for nonlinear optimization also,
even this method is very simple for implementation it is rarely used in practice
due to slow convergence. Also, Newton’s method can be used but if a user can
afford memory and time resources [23]. The SLSQP algorithm uses the Han-
Powell quasi-Newton [24] method for solving nonlinear optimization in
combination with Quadratic Programming [25]. It is an iterative method in which
both objective and constraints function need to be triple continuously
differentiable. The method generates steps by reducing the nonlinear optimization
problems (NLP) to Quadratic Programming (QP) subproblems. In this way, the
time needed for convergence is reduced. The general form of the problem is given
as follows

min f(p), over peR", 9
subjectto A(p)=0, (10)
g(p)<0, (11)

where f:R"—> R 1is an objective function, function #4:R" — R" and
g:R" — R*describe the equality and inequality constraints, n represents the

number of variables over which optimization is performed, m is the number of
equality, and z is the number of inequality constraints function. The NLP for a
given iteration p[k] is reduced to the QP subproblems, and then the next iteration

plk +1] is obtained from the QP solution. This construction is done in such a
way that the sequence p[k] converges to a local minimum f(p") of the NLP (9-

12) as k — o, where * refers to the variable related to the local minimum point.
In the presence of constraints, the analysis and implementation of NLP are much
more complex.

The points that satisfy equality and inequality constraints are called a feasible
set of the NLP and are represented with

F={peR"|k(p)=0,g(p)<0}. (12)
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The Lagrangian function of NLP is defined as
L(p.hp)=f(p)+1"h(p)+u"g(p), (13)
where vectors A € R" and p e R* are referred to as Lagrangian multipliers.

Active constraints are an index set for p € R" when

I, =fiefl,....z}|g.(p)=0}. (14)

Let f(p") be alocal minimum of the NLP, then the condition
g(pu =0, 1<i<z, (15)
w >0, ieZ,, (16)

is called strict complementary slackness at p”*.

Matrix G is defined with the derivate of active constraints as
G(p)=(Vh(p),...,Vh,(p). Vg, (p),.. .,Vgij (p)), were V represent the gradient
operator and j representing the number of active constraints.

For f(p") that is a local minimum of the NLP assume existing of A~ and

u” such that

VL(p" )=V (p')+ Vh(p )L +Vg(p ' =0. (17)
If (17) holds true, then it is called the first-order necessary optimality
condition.
Assume that the following conditions are satisfied:

— The columns of G(p") are linearly independent,
— Strict complementarity slackness holds at p*,

— The Hessian of the Lagrangian with respect to p is positive definite on the
null space of G(p*)",

then (9) in combination with these conditions are called the second-order enough
optimality conditions of the NLP. These optimality conditions guarantee that p°
is the point of a local minimum of NLP, and that the Lagrangian multipliers A
and " are uniquely determined.

After defining the constraints that need to be satisfied for accepting some
value as a minimum, it is necessary to construct the QP for each iteration step.

The QP subproblems reflect the local properties of the NLP with respect to the
current iterate p[k]. Therefore, the objective function f* is replaced with its local

quadratic approximation
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S (p)= f(plk]) +Vf (plkD(p = plk]) + %(p = plkDHf (plkD(p = plk]), (18)

and constraint function g and /& are replaced with their local affine
approximations:

g(p) = g(plk]) +Veg(plkD(p— plk]) , (19)
h(p) = h(plk]) +Vh(plkD)(p - plk]), (20)

where Vf(p) representing the gradient of function and Hf'(p) Hessian of
function. In our use case, function frepresent norm defined in (9), and variable p
represent robot joint position vector ¢ =[gq,,q,,45.q,]" - Equality constraints are

given with (1), (2) and (3), while inequality constraints are defined with joints
positions motions.

4 Simulation Results

For wvalidating this optimization technique, testing is conducted on a
simulation model for the 4-DOF planar manipulator. Robot links lengths are set
as [, =1, =1, =1, =0.2 m. In the beginning, we optimize Cartesian stiffness along

one axis only. After that, optimization of both elements on the Cartesian stiffness
matrix main diagonal is performed. In all experiments, all joint stiffness is set to
500Nm/rad.

4.1 One axis optimization

The initial joints and EE positions are provided to the optimization
algorithm. The joints stiffness and robot pose (through the Jacobian matrix) are
in direct relation to achievable EE Cartesian stiffness, thus the computation of the
range of achievable EE Cartesian stiffness is necessary.

For each of the two EE positions, Pl(x,y)=(0.07574m,—0.236m) and
P2(x,y)=(0.16849m,-0.20115m), Cartesian stiffness optimization is perfor-

med over the y-axis, while desired EE Cartesian stiffness values are picked from
the feasible region.

Table 1 presents results from 4 experiments. Experiments were conducted
in two different points of robot workspace with some initial configuration. There
are also presented resulting robot configuration, achieved norm, and Cartesian
stiffness. The optimization process was successful in finding the robot
configuration that will ensure desired EE Cartesian stiffness while keeping the
EE position unchanged.

Fig. 2 presents initial and final robot configuration for the point P2 when goal
stiffness is set to 12500 N/m.
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Table 1
Results for EE Cartesian stiffness matrix optimization along the y-axis.
. Robot Initial joint . Resultmg Norm Stlffness:
Experiment osition config. joint config. value achieved
P [rad] [rad] (desired)
-2 -3.1373
-1 —1.4574 10000
1 P1 1.38e—4
3.6518 1.6627 (10000)
1.524 2.5183
-2 —2.6899
-1 -1.5276 8500
2 P1 7.09-5
3.6518 2.4282 (8500)
1.524 2.9360
1.04719 2.9539
0.62831 —1.2305 9500
3 P2 0.002
1.57079 1.9664 (9500)
1.0471 2.7833
1.04719 1.0223
0.62831 1.9019 12500
4 P2 0.0022
1.57079 1.8759 (12500)
1.0471 —2.5368
0.4 0.4
0.2 0.2
E 0 E o
> >
-0.2 -0.2
0.4 0.4
-04 -0.2 0 0.2 0.4 -04 -0.2 0 0.2 0.4
X[m] X[m]

Fig. 2 — Robot referent position P2 in fourth experiment (Table 1).
Left: Initial robot configuration before optimization;
Right: resulting robot configuration after optimization.
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4.2 Multiple axes optimization

When multiple axes optimization is performed and the desired Cartesian
stiffness matrix is not feasible, then the algorithm needs to a trade-off between
optimization over multiple axes to find a combined local minimum based on
defined criteria (norm H). The simulation is performed in points, P1 and P2, same
as in one axis optimization. In addition to one axis optimization, the desired
Cartesian stiffness over x axis is added to the algorithm, also picked from its
feasible region. Also, four simulations were run where both axes have the same
weighted factor, and results are provided in Table 2. In simulations for position
P1, the desired EE Cartesian stiffness was not achieved as in the previous
attempts. Besides this, the achieved norm is one that corresponds to the local
minimum of the optimization process. On Fig. 3 is shown combined norm for
axis x and y norm as functions of ¢, and g, . This is because configuration has 4
DOF, 2 needs for achieving the desired EE Cartesian position, and 2 DOF are left
for additional optimization form both axes. Thus, for a feasible EE position for
each set of ¢, and ¢, , the g, and g, are uniquely defined.

Table 2
Results for Cartesian stiffness matrix optimization along x and y-axis
(without cross elements of stiffness matrix).

. Robot Initial joint Resulting Norm Stlff:ness:
Experiment osition confi joint confi value Achieved
p g J & (desired)
-2 —2.6745
20417,
-1 -1.5182
1 Pl 492.33 9262
3.6518 2.5449
(20000; 9000)
1.524 2.9280
-2 —2.5496 18663;
-1 —-1.8051
2 Pl 165.25 14027
3.6518 2.8173 (18500;
1.524 3.1416 14000)
1.04719 0.3720 10000;
0.62831 1.2165
3 P2 0.0027 14000
1.57079 1.7136 (10000;
1.0471 0.2087 14000)
1.04719 -1.3597 12000;
0.62831 2.3813
A - 0.002 14000
1.57079 1.7190 (12000;
1.0471 -0.2143 14000)
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Fig. 3 represent achievable Cartesian stiffness of 4 DOF planar manipulator
with fixed EE position in the function of first two joint positions (in this case,
Cartesian stiffness in exact EE position depends on the position of first two joints
while the position of third and fourth joints depends on EE position). The white
region represents infeasible robot configuration, while the yellow color on
graphic present robot configuration whit the highest norm value and dark blue
color represent the lowest norm values.

Norm over X axis 108
K 125
"
(o
302 A 0 1 2 3 12
Norm over Y axis
g 15
"
(o
1
-3 -2 -1 0 1 2 3
Norm over main diagonal of H
_ 2
o 0.5
@©
= 0
N
(on

-3 -2 -1 0 1 2 3
q, [rad]

Fig. 3 — Norm over x-axis (top), norm over y-axis (middle), and combined norm over x
and y axis (bottom), where darker blue colour presents norm that is closer to zero.
Stiffness along both axes have the same priority (A=B=1).

From Fig. 3 is obvious that differences in norm exist when different axis
optimization activates. Also, it can be shown that this robot kinematic
configuration norm possesses more than one local minimum and the result of the
optimization algorithm could compute one that is not global. If the right initial
configuration was chosen algorithm can succeed to find a global minimum. Also,

10
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from Fig. 3 correct initial configuration can be chosen in order to ensure global
minimum optimization. Although the problem was stated for the 4-DOF robot
defining the position of first and second joint and EE position the third and fourth
joint was uniquely defined. If ¢, =—1.5rad and ¢, =2.5rad, the optimization

algorithm will finish with the norm H = 0.00027 .

4.2 Weighted multiple axes optimization

In order to favorize one axis stiffness over another, weight coefficients values
need to be changed. If the coefficient has a higher value, then the stiffness along
the corresponding axis is more favored. Optimization with different weighted
coefficients, for the configuration used in the first simulation from Table 2, is
obtained. The results are provided in Table 3. It can be noticed that increasing
the values of the weight coefficient along one axis will make achieved stiffness
along that axis closer to the desired one.

Table 3
Results for Cartesian stiffness matrix optimization along x and y-axis
(without cross elements of stiffness matrix) with different weighted coefficients.

. Robot Initial joint | Weighted | Norm Stlffness:
Experiment osition confi coef. value Achieved
P & ’ (desired)
)
-1 A=l 18626; 14357
: Pl 3.6518 p=1 | %637 | (12000:14000)
1.524
)
-1 A=16 12023; 15303
2 Pl 36518 g1 | 13| (12000;14000)
1.524
-2
-1 A=l 18659; 14053
3 Pl 3.6518 B=16 | %% | (12000;14000)
1.524

5 Conclusion

The paper introduces Sequential Least Squares Programming algorithm as
an efficient solution to the EE stiffness shaping of the robot with passive
compliant actuators. The presented algorithm is demonstrated for utilization in
the real-time control/shaping of the EE stiffness due to short convergence time.
Considered the algorithm as an optimization technique, which minimize
deviations of the desired EE stiffness (by the null-space reconfiguration) while

11
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keeping desired EE position, the stiffness shaping is successfully achieved for
exact desired stiffness matching in the achievable stiffness range or as a shaping
of the stiffness ellipse which depicts relative ratio of the stiffness in perpendicular
axes. However, because of its property to finding local minimum the different
initial configuration can lead to a non-global or different solution as a
compromise to its short convergence time.

In the following research, authors will extend the same approach to EE
stiffness shaping of the robots with VSAs, where variable joint stiffness presents
additional DOFs that will extend the feasible region of robot EE Cartesian
stiffness. Results will be validated in the experimental setup with an industrial
robot equipped with a force/torque sensor as a source of perturbation to the
presented articulated soft robot. Therefore, the efficiency of the applied
methodology would be directly estimated from the applied force and deviation
from the EE equilibrium position of the soft robot.
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